(N 



43 



O 



COMMUTATOR THEOREMS FOR FRACTIONAL INTEGRAL 
OPERATORS ON WEIGHTED MORREY SPACES 

ZENGYAN SI 



Abstract. Let L be the infinitesimal generator of an analytic semigroup on L 2 (R n ) with 
Gaussican kernel bounds, and let L~ a ' 2 be the fractional integrals of L for < a < n. For 
S_i ■ any locally integrable function 6, The commutators associated with L~ a ' 2 are defined by 

[fo,L- Q / 2 ](/)(x) = b(x)L- a ' 2 {f)(x) ~L' a ' 2 (bf)(x). When b G BMO(u) (weighted BMO 
space) or b 6 BMO, the author obtain the necessary and sufficient conditions for the 
boundedness of [b, L~ a ' 2 \ on weighted Morrey spaces respectively. 

(N 

<£ ■ 1. INTRODUCTION AND MAIN RESULTS 

Morrey |13] introduced the classical Morrey spaces to investigate the local behavior 
of solutions to second order elliptic partial differential equations. Chiarenza and Frasca 
[3] established the boundedness of the Hardy-Littlewood maximal operator, the fractional 
operator and a singular integral operator on the Morrey spaces. On the other hand, Coif- 
man and Fefferman pQ, Muckenhoupt [11] studied the boundedness of these operator on 
weighted IP spaces. Motivated by these work, Komori and Shirai |8j introduced the fol- 
lowing weighted Morrey space and investigated the boundedness of classical operators in 
harmonic analysis, that is, the Hardy-Littlewood maximal operator, a Calderon-Zygmund 
operator, the fractional integral operator, etc. 

Let 1 < p < oo and < k < 1. Then for two weights p, and v, the weighted Morrey 
CH ! space is defined by 

^ : L^ k {^u) = {/ G Ll c (v) : \\f\\ LP , hM < oo}, 

where 

II/IIl^Ov) = SU P (j7Q)k J \f(x)\ P Kx)dxj P . 

and the supremum is taken over all cubes Q in R n . 

If [i = u, then we have the classical Morrey space LP' (//) with measure \i. When k = 0, 
then L p,k ({j,, v) = L p (fj.) is the Lebesgue space with measure \i. 

Suppose that L is a linear operator on L 2 (R n ) which generates an analytic semigroup 
e~ tL with a kernel pt(x,y) satisfying a Gaussian upper bound, that is, 



C „\x-y 



-„, 2 
c- 



(1-1) \pt(x,y)\<— e 

for i,i/6 R n and all t > 0. 

For < a < n, the fractional integral L~ a < 2 of the operator L is defined by 



2000 Mathematics Subject Classification. Primary 42B20, 42B25. Secondary 46B70, 47B38. 
Key words and phrases, weighted BMO spaces, weighted Morrey spaces, fractional integrals. 

1 



2 ZENGYAN SI 

Note that if L = —A is the Laplacian on R n , then L~ a ' 2 is the classical fractional integral 
I a which plays important roles in many fields. It is well known that I a is bounded from 
L p (R n ) to L q {R n ) for all p > 1, 1/q = 1/p — a/n > and is also of weak type (1, n/(n — a)). 
Let 1 < p < oo and wbea weight function. A locally integral function b is said to be in 
BMO p {uj) if 

ll&l|BJifO„(w) =supf — T—r / |&(x)-6 Q | p o;(x) 1_p c?xj <C<oo, 

where ^Q = tAt Jn b(y)dy and the supremum is taken over all cube Q G -R n . 

Let weAi, Garcia-Cuerva [7] proved that the spaces BMO p (uj) coincide, and the norm 
of 1 1 - Hbmo (o>) are equivalent with respect to different values of provided that 1 < p < oo. 

Let b be a locally integrable function on R n , we consider the commutator [b, L~ a ' 2 ] 
defined by 

[b, L- a l\f){x) = b{x)L-*/\f){x) - L- a / 2 (bf)(x). 

Chanillo [2j proved that the commutator [b, I a ] of the multiplication operator by b G 
BMO is bounded on LP for 1 < p < oo. 

Duong and Yan [3] proved [b, L~ a > 2 ] is bounded from L p to L 9 , where b € BMO, 1 < 
p < n/a, 1/g = 1/p — a/n, < a < n. 

Mo and Lu |12j proved the multilinear commutator generated by b and L~ a ' 2 is bounded 
from L p to L 9 , where 1 < p < n/a, 1/q = l/p-a/n,0 < a < 1, b = (b\, ■ ■ ■ ,b m ),bi € BMO, 
for i = 1, • • ■ ,m. 

Lu, Ding and Yan [9] proved [6, I a ] is bounded from L p to L q if and only if b € BMO. 

Wang [16] proved that [6, Iq,] is bounded from LP' k {uj) to L q ' kg / p (oj 1 ^^ a ^ n ' >q ,ui), where 
b e BMO(oj), < a <n, 1 <p < n/a, 1/q = 1/p - a/n,0 < k < p/q and u q l p G A\. 

Inspired by the above results, we study the boundedness properties of the commutator 
[b, L~ a ' 2 \ on weighted Morrey spaces in this work. The main theorems are stated as follows. 

£ 

Theorem 1.1. Let < a < n, 1 < p < n/a, 1/q = 1/p — a/n, < k < p/q, lop G A\ and 
r uj > i~-k ' w ^ ere r co denotes the critical index of ui for the reverse Holder condition. Then 
the following conditions are equivalent: 

(a) beBMO(uj). 

(6) [b,L- a / 2 ] is bounded from L p > k {u) to l^/p^Mi-"/")^ w ). 

Specially, when k = in Theorem I l.li we get 

q 

Corollary 1.1. Let < a < n, 1 < p < n/a, 1/q = 1/p — a/n, ujp E A\ and r w > |, where 
r w denotes the critical index of u for the reverse Holder condition. Then the following 
conditions are equivalent: 

(a) b G BMO{uj). 

(b) [b,L- a / 2 ] is bounded from L p (lo) to L q {uj 1 ^ l - a l n ^ q ). 

Further more, if L = —A is the Laplacian, Then the following conditions are equivalent: 

(a) b G BMO(uj). 

\b') [b,L a ] is bounded from D>(oj) to L^w 1 -^-"/ 71 ) 1 ?). 

Theorem 1.2. Let < a < n, < k < p/q, 1/q = 1/p — a/n, and 1 < r, s < oo such that 
1 < rs < p < n/a, uj ts G A p i rs ^ q i rs . Then the following conditions are equivalent: 
(a) b G BMO. 

\b) [b,L- a / 2 ] is bounded from L p > k (cj p ,cj q ) to L q ^ kq l p {uj q ). 



COMMUTATOR THEOREMS FOR FRACTIONAL INTEGRAL OPERATORS ON WEIGHTED MORREY SPACES 

Specially, when k = in Theorem 11.2^ we obtain 

Corollary 1.2. Let < a < n, 1/q = 1/p — a/n, and 1 < r, s < oo such that 1 < rs < p < 
n/a, uo rs € ^p/rs,q/rs- Then the following conditions are equivalent: 
(a) b € BMO. 

\h) [b,L- a / 2 ] is bounded from L p {uj p ) to L q {u q ). 

Further more, if L = —A is the Laplacian, Then the following conditions are equivalent: 

(a) b£ BMO. 

(b') [6, Jo,] is bounded from LP(ojP) to L q {oj q ). 

Remark 1.1. It is easy to see that our results extend the results in [2"].[3].[9].|16| signifi- 
cantly. 

2. PREREQUISITE MATERIAL 

Let us first recall some definitions. 
Definition 2.1. The Hardy- Littlewood maximal operator M is defined by 

M(f)(x) = sup-L f \f(y)\dy. 

x&Q M JQ 

Let co be a weight. The weighted maximal operator M u is defined by 

M u (f)(x) = sup-^- / \f(y)\u>(v)dy. 

xeQ^W) Jq 

For < a < n,r > 1, the fractional maximal operator M a>r is defined by 

M a , r (/)(x) = sup ( — -L^r f \f(y)\ r dy) " ; 
zeQ \\Q\ n JQ J 

and the fractional weighted maximal operator M a ^ r ^ is defined by 
M a> r iU (f)(x) = sup ( E / |/(y)|' r cj(y)(iy 

For any f € L p (R n ),p > 1, i/ie sharp maximal function Mlf associated the generalized 
approximations to the identity {e~ tL ,t > 0} is given by 



Ml/(x) = S up-^ / \f(y)-e-^ L f(y)\dy 
xgQ |W| Jo 



ceQ 

where tg = Tq and tq is i/te radius of the ball Q. 

In the above definitions, the supremum is taken over all cubes Q containing x. 

Definition 2.2. A weight function lo is in the Muckenhoupt class A p with 1 < p < oo if 
for every cube Q in R n , there exists a positive constant C which is independent of Q such 
that 

1 f , , , \ ( 1 f , >_J, XP_1 



u(x)dxj^— I W (s)-p-icfc] <C. 



When p = 1, oj & A\ , if 

(— / Ld(x)dx\ <Cessmi x£ QUj(x). 
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When p = oo, oj € A^, if there exist positive constants 5 and C such that given a cube 
Q and E is a measurable subset of Q, then 

m<c(m s 



"(<3) _ \\Q\l 

Definition 2.3. A weight function uj belongs to A p ^ q for 1 < p < q < oo if for every cube 
Q in R n , there exists a positive constant C which is independent of Q such that 

i ,i 



wik^imL^''^ 7 ^- 



IQ / \IVI JQ 

where p denotes the conjugate exponent of p > 1, that is l/p+ 1/p = 1. 

Definition 2.4. A weight function uj belongs to the reverse Holder class RH r if there exist 
two constants r > 1 and C > such that the following reverse Holder inequality 

i 



^U x r dx y<c{^U x ) dx ) 



holds for every cube Q in R n . 

It is well known that if uj £ A p with 1 < p < oo ; then there exists r > 1 such that 
uj € RH r . It follows from Holders inequality that uj € RH r implies uj € RH S for all 
1 < s < r. Moreover, if uj € RH r ,r > 1, then we have uj G RH r+e for some e > 0. We thus 
write r w = sup{r > 1 : uj € RH r } to denote the critical index of oo for the reverse Holder 
condition. 

We will make use of the following lemmas. We first provide a weighted version of the 
local good A inequality for M.\ which allow us to obtain an analog of the classical Fefferman- 
Stein(see [U [TjJ estimate on weighted Morrey spaces. 

Lemma 2.1. ( , |10|.) Assume that the semigroup e~ has a kernel pt(x,y) which satisfies 
the upper bound (jl.ip . Take A > 0, / E L^i? 71 ) and a ball Qq such that there exists xq G Qq 
with Mf(xo) < A. Then, for every uj G A^^O < rj < 1, we can find 7 > (independent of 
\,Qo, f,xo) and constant C^r > 0(which only depend on uj) . 

uj{x €Q :Mf> A\M{f(x) < 7 A} < C u rfu(Q ). 

where A > 1 is a fixed constant which depends only on n. 

As a consequence, by using the standard arguments, we have the following estimates: 
For every f € L p,k (fj,, v), with 1 < p < 00. If [A,v G A^, 1 < p < 00, < k < 1. 

\\f\\LP> k (p,v) < \\ M f\\LP> k (p,v) < C\\M L f\\ LP ,k^ jV ) 
In particular, when fi = v = uj and uj € A^, we have 

ll/II^H < Wf\\ LPHu) < C\\M{f\\ LP , k(u]) 

Lemma 2.2. flISI ) Let < a < n, 1 < p < £, ± = ± - 2 and uj q / p G A v Then if 
< A; < p/g and r w > p /I"^ fc , we /loue 

II^W/llz^.^/p^/p^) < C||/||LP^(aj)- 

The same conclusion still hold for I a . 
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Lemma 2.3. (\1Q\) Let < a < n, 1 < p < % \ = j - % and uj q ' p G A x . Then if 
< k < p/q, 1 < r < p and r w > 1 r k k , we have 



Lemma 2.4. ^[16] ) < a < n, 1 < p < %,- = - - -, < k < p/q, u G A^. For any 



\M r ,u}f\\Li' k <i/p(uji/p,u>) — ^\\f\\L9M/p(u9/P,uy 

n 1 1 

/ U ^ IX <^ lb, ± ^ p «v. 

1 < r < p, we have 

\\Ma,r,uf\\Lito/p(u) - ^\\f\\LP' h (ui)- 

Remark 2.1. By checking the proof of Lemma \2.2\ Lemma \2.3\ Lemma \2.4\ we know the 
three lemmas above still hold when k = 0. 

Lemma 2.5. Let < a < n, 1 < p < g, - = - - f and co q / p G A 1 . Then if0<k<p/q 
and r u > 1 ,~ k , , we have 

w p/q—k' 

\\L a/ /[|x,«,fe<f/p( w 9/P,a;) - C\\f\\ L p,k^y 

Proof. Since the semigroup e~ tL has a kernel pt(x, y) which satisfies the upper bound (jl.ll) . 
it is easy to check that L~ Q / 2 (/)(x) < CL a (\f\)(x) for all x G R n . Using the boundedness 
property of L a on weighted Morrey space(see Lemma l2.2[) . we have 



where 1 < p < — and 

^ a q p n 



1 _ 1 _ a 

n ' 

D 



Remark 2.2. Since L a is weak type (1, n/(n — a)). From the proof Lemma \2. 51 we can get 
L~ a ' 2 is also weak type (l,n/(n — a)). 

Lemma 2.6. (\17\ ) Assume that the semigroup e~ tL has a kernel pt(x,y) which satisfies 
the upper bound (jl.ip . Then for < a < n, the difference operator L~z — e~ L~2 has 
an associated kernel K a t(x,y) which satisfies 

K ayt {x,y) < j— — : jj 

\x — y\ n a \x — y\ z 

for some positive constant C. 

Lemma 2.7. Assume that the semigroup e~ has a kernel pt(x , y) which satisfies the upper 
bound (11. lj) . and let b G BMO{oj),oj G A\. Then, for every function f G L p (R n ),p > 1 and 
for all x G R n , we have 

17W\I |e " tQL(6(y) - b ^ f ( y ^ dy ^ c\\b\\ BMOH u J (x)M r ^(f)(x). 

where M rjCJ (f)(x) = M u (\f\ r )~{x) with 1 < r < oo. 
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Proof. For any / € L p (R n ), 1 < p < oo and x G Q. We have 

-L [ \e-** L M.)-bQ)f)(y)\dy 

^Tn\l I \vt Q {y,z)\\{b(z)-b Q )f{z)\dzdy 

M JQJR" 
1 



<W\ \pt Q (y,z)\\(b(z)-b Q )f(z)\dzdy 

M JQJ2Q 

+ jk I E / K(y^)IK^) -M/(*)l^y 

IWl JQ f^ J2*+iQ\2feQ 

Since for any y € Q and z € 2Q. We have 

1 



bt Q (y,z)|<Ci Q 2 <C 



|2Q|' 



Thus, 



X<C-^- / \(b(z)-b Q )f(z)\dz 

- C W\(L \\ b ( z )- b Q\ r '"W 1 ~ r ' dz Y U \f{z)\ r "{*)dz 



<cii6|| BMOM ^(-i^^i/(,)r. ( ^ 

<C , ||6|| BMOM w(x)M r , tJ /(x). 



i 



Moreover, for any y £ Q and z € 2 + Q \ 2 Q, we have \y — z\ > 2 tq and |pt Q | < 

-c2 2 ( fe - 1 ) 2 (fe+l)i 



|2 fc + !Q| 



M =VT\I E/ |p tQ (y,z)||(&(z)-& Q )/(z)|dzdy 



IQ j~i J2k+1Q\2>°Q 

oo e _ c2 2(fe-i) 2 (A;+l)r 



00 e -c2 2 ('=- 1 )2(fe+l)n /• 

+ C E [OTTjj / fcx1 K^+iq-^q)/^)!^ 

= Mi+Af 2 . 

We estimate each term in turn. For A/i, we apply Holder's inequalities with exponent r. 
Then we have 
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m ^E | 2WQ | GU, i«*> - 6 «' r "M 1 "* *) (t , 1'MI'-M*) 
< c g 2(i+I) „ e -^-.. ||6|lBMOM ^(_i_^ W*/ 



fc=1 ," -v, V-V- -— 'Q 

< C , [|6|l BAf o( a; )a;(a;)M T . )W /(x). 

Since w G j4i, then \b 2 k+iQ — 6 2 q| < C'fcti;(x)||&|| BA fO(w)- This fact together with the 
Holder inequality implies 

A/" 2 < C^2( fc+1 )«e- c22(fc - 1) ^ TT ^o;(x)||6|| iJMOH y |/(*)|«fe 



oo 



,<*+l)„„ -c2"<»-« ,„,„,,, ,.„, , M2 g) 1 



<c|^ + «» e -^-''. W i| 6 || BMO( „ ) (-^^ ti(j i/( 2 )r.(x) (i2 ) 7 

< C||6|| jBA/0(Li;) w(x)M r ^/(x). 

Then Lemma 12, 71 is proved. 

□ 

Lemma 2.8. Let < a < n, u € A\ and b € BMO(u>). Then for all r > 1 and /or all 
x G i? n , we have 

Ml([b,L-f]f)(x) 
(2 1) 

< C\\b\\ BMOH L(x)M r ^L-^f)(x)+u J (x) 1 -^M a ^M)(x)+u;(x)M aA (f)(x)) . 



Proof. For any given x € R n , fix a ball Q = Q(xQ,rB) which contain x. we decompose 
/ = /i + / 2 , where /i = /X2Q- Observe that 

[6,L"f ]/(x) = (b - b Q )L-?f - L-f (6 - 6q)/i - L~f (6 - 6q)/ 2 

and 

e-^ L ([6, L-f]/) = e-^ L [{b - b Q )L~1f - L"f (6 - 6q)/i - L"f (6 - 6 Q )/ 2 ]. 
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Then 

±- / \[b,L-?]f(y) - e-^ L [b,L-1}f(y)\dy 
< ]ir / \{b{y)-b Q )L-^f{y)\dy + ^- f \L^{b{y) -b Q )h){y)\dy 

+ W\I l(L_f " e ~ <QLjL ~ f )((6 " M/ 2 )(y)i*, 

= I + II + III + IV + V. 

We estimate each term separately. 

Since u £ Ai, then it follows from Holder's inequality 



I<j^J \(b(y)-b Q )L-^f(y)\dy 



IQ 

-W\(I my) ~ h ^ r ' ul ~ r ' dy ) ' (/ \ L ~ f f(y)\My)dy 

<C\\b\\ BM0{ ^^J Q \L-fm\r.(y )d y 

<C\\b\\ BMO{ul) u J (x)M r ^(L~^f)(x). 

Applying Kolmogorov's inequality (see [6], page 485), Holder's inequality and the conti- 
nuity of L~ a ' 2 , we thus have 



H = wJ \L-f(b(y)-b Q )h)(y)\dy 

joi 



IQ 

1 



< C—^\\L—2{b{y) - b 2 Q)h\\ L -^ s ,o 



1 

IQ? 



<C^t^t / (b(y)-b 2 Q)fi(y)dy 



1 

< C j^pf (/ My)-b2Q\ r 'u 1 - r 'd y y (J \f(y)\ r u J (y)dy 

< CUftllBMo^ ^ „" f * m / |/(y)rw(y)cft/ 

|2Q| n \W(2Q) n Jq 

<C'||6|| B MOHw(^) 1 ""M a , r , w (/)(x). 
By Lemma |2.7( we have 

III < C\\b\\ B MO(u)u(x)M rtU1 (L-f f)(x). 
For IV, use the estimate obtained in II, we get 
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IV <j^ i f \pt Q (y,z)\\b(z)-b Q \\f(z)\dzdy 
M JQJ2Q 

^WT\f L-H(Kz)-b Q ))f(z)\dz 

\ l{ °i\ J2Q 



<C\\b\\ BMO{u) w{x) 1 - ! kM a wtf)(x). 
By virtue of Lemma 12.61 we have 



V<^j I \K aM (y,z)\\(b(z)-b Q )f(z)\dzdy 
\Q\ JqJ(2qy 

oo i, ^ 

r Q 



- C ^L , , k+1 Ixn z\—\ Xn z\ mz) - bQ)f{z)ldZ 

k=l J2 k r Q <\xo-z\<2 k + 1 rQ \ x ~ Z\ \Xq — Z\ 

oo 

^ C E 2 ' fc | 9fc+ln ,i-^ / \(Kz)-b Q )f(z)\dz 

oo 



fe=l 

oo „ 

+ C^2- fc (6 2WQ -6 Q ) _, / |/(*)|efe 

= VI + V/I 

For VI, apply the same arguments as in II, we get 



V/<C||6|| BMOM ^2-^(x) 1 -^M a ^(/)( 3 
fe=i 

<C||6|| B MOMw(ar) 1 -»Ma 1 r lW (/)(x). 
Since w6ii, then |6 2 fc+iQ - &2q| < C/ca;(x)||6|| SM o(a J )- Thus, 



V/I < C| |6| | BMOH ^ 2- fe fe w(x)M a>1 (/) (x) 
fc=l 
<^||6||BjjfO( w )w(s)M a) i(/)(a:). 

Then 

V < C[|6|| BJlf0(w) (^(x) 1 -^ M Q , r)W (/)(x) + w(x)M Q ,i(/)(x)) . 



Combining the above estimates I, II, III, IV, and V, we get (|2.ip . The proof of Lemma 127 
is complete. □ 

3. PROOFS OF THE MAIN RESULTS 
In this section we prove our main results. We start with the proof of Theorem \1.1\ 
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Proof, (a) =4> (6) : Applying Lemma [27L1 and Lemma [2THI we get 



\\[b,L 2 ]/||x,g,fc 9 /p( a; l-(l-a/, l )q i a;) 

< C||&llBMO(a;)(l|w(x)M ria; (L _ f/)|| L9ifc9 / p(a; i-(i- a /„ )9itj) 

+ | [a; "-Moi,T-,a)/||z,9,&g/p(£ji-Ci-a/™)9,a)) 

+ | |wMa,l/| |£,?,fe«/p(a;i-(i-<«/»)?,a;)) 
^ C||^llBA/0(a;)(ll^r,aj(^ 2 /) [ \hi' k t/P(uii/P ,ui) + l|Ma,r,w/|lM> fc */P(w) 

+ ||-Wa,l/IL?,fe?/p( w ?/P,a;))- 



Since < fc < p/q,uj q ' p € Ai and r w > , _ fc , by making use of Lemma 12.21 Lemma 
and Lemma |2.4[ then we obtain 



I I [k' -^ 2 ]/l lL9. fe 8/P(w 1 -( 1 -"/ n )9,w) 

< C\\b\\BMO(u)\\\L * I\\l<iM/p{u<i/p,u) + H/llLP. fc (w)) 

< C\\b\\ B MO(uj)\\f\\LP' k (ui) 



The last inequality follows from Lemma 12.51 This completes the proof of (a) =>■ (6). 

(6) => (a) : Let L = — A be the Laplacian on R n , then L~ a ' 2 is the classical fractional 
integral I a . Choose Z$ € R n so that |Zo| = 3. For x £ Q(Zq,2), |x| _Q+n can be written as 
the absolutely convergent Fourier series, |x|~ Q+n = J2mez o Jm e l<Um ' x> with J2m \ a m\ < oo 
since \x\- a+n € C°°(Q(Z ,2)). For any x € R n and p > 0, let Q = Q(x Q ,p) and Q Zo = 
Q(x + ^o/5,p), 



l&O ) - &Q Zo |rfx = ^— j /^ | / (6(x) - b{y))dy\dx 




s(x) [ I (b(x) - b{y))\x - y\~ a+n \x - y\ n ~ a dy ) dx, 
Qz n 



4 o 



COMMUTATOR THEOREMS FOR FRACTIONAL INTEGRAL OPERATORS ON WEIGHTED MORREY SPACES 




where s(x) = sgn(J* Q (b(x) ~ b{y))dy). Fix x € Q and y G Qz we have %— - € Q(Zq,2) 
hence, we have 

(6(x) - b{y))\x - y\- a + n (t-^r-«dy\ dx 

[ (b(x) - b{y))\x - y\- a+n e i<Vm > y/p> dy\ e~ i<,/m > x/p> dx 
\jQz J 

S (x)[b,L- a / 2 }( XQzo e l <^-/ p >)x Q (x)e^<^ x ^>dx 

,L- a '\xQ z / <V ™'- /p> )\\ L ^^- a /n )9)Uj) (/ uixf^-^-^dx 

1 
<Cp~ a £ \a m \\\xQ Zo \\ LP -o H ( [ oo(xy'^'^ n UxY 

< Coj{Q) 1/p+1/q '- a/n 

< Cuj(Q). 

This implies b € BMO(uj). Thus Theorem II .11 is proved. □ 

Similarly, to prove Theorem \1.S\ we need the following lemmas. 

Lemma 3.1. Let < a < n, 1 < r, s < oo such that rs < p < n/a and b € BMO. Then 
for all r > 1 and for all x € R n , we have 

M{(%L- a l 2 ]f)(x) < C\\b\\ BMO (M r (£-§/)(x) + M a)M (/)0c)) . 

w/iere M r {f){x) = M(|/| r )^(x). 

Proof. The case < a < 1 was proved by Duong and Yan (see [4] for details). The general 
case < a < n follows by repeating the same steps as in Lemma 12.81 Since the main steps 
and the ideas are almost the same, here we omit the proof. □ 

Lemma 3.2. (^\) IfO<a<n,l<p< n/a, 1/q = 1/p — a/n, < k < p/q and uj G A Pi q, 
then the fractional maximal operator M a ^\ is bounded from L p,k {uj p ,uj q ) to L q,kq ' p (uj q ). 

Lemma 3.3. (]8\) IfO<a<n,l<p< n/a, 1/q = 1/p — a/n, < k < p/q and uj € A p ^ q , 
then the fractional maximal operator I a is bounded from L p > k (uj p ,u> q ) to L q ' kq > p (uj q ). 

Lemma 3.4. (\8\) If 1 < p < oo, < k < 1 and uj € A p , then M is bounded on L p,k (uj). 

Remark 3.1. By applying the same argument as in Lemma \2.b\ we know the conclusion 
in Lemma \3.3\ still hold for L~ a ' 2 . We omit the proof here. 

Remark 3.2. By checking the proof of Lemma \3.SX Lemma \3.3l Lemma \3.4\ we know the 
three lemmas above still hold when k = 0. 
Now we prove Theorem M.SX 
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Proof, (a) =4> (b) : Since uj ts E A p / rs ^ q / rs , then we get uj q G vl g / rs and w p G A p / rs . Applying 
Lemma 12. 11 Lemma l3.1| Lemma l3.2|. Lemma 13.31 and Lemma 13.41 we get 

\\[b,L a/ }f\\ L qM/p(u J q) 

<\\Ml([b,L-%}f)\\ LqM/p{uiq) 

< C\\b\\ B Mo{\\Mr{L~^ f)\\ LqM/p ^ q) + l|-^a,r«(/)||L«.*«/i»( w «)) 

< C\\b\\ B M0{\\L~* f\\ L q,kq/p( U <l) + \\f\\LP^(uP,ull)) 

< C\\b\\ B Mo\\f\\LP' k (ujP,uji)- 

In the last inequality, we used the fact L~ a ' 2 is bounded from LP' (u p , u q ) to L q ' q ' p (u q )(see 
remark 3.1). 

(b) => (a) : Let L = —A be the Laplacian on R n , then L~ a ' 2 is the classical fractional 
integral I a and Let k = and weight w = 1, then LP' k (cj p ,UJ q ) = LP and L q ' kq / p (uj q ) = L q . 
From |9] we know the (IP,L q ) bounedness of [&,/<*] implies b G BMO. Thus Theorem 11.21 
is proved. □ 
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